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" Physics. — “Contributions to the knowledge of VAN DER WaaLs’ 
x v-surface. X. On the possibility of predicting the properties 
r of mixtures from those of the components.’ By Dr. J. E, 
r | VERSCHAFFELT. Supplement no. 11 to the Communications from 
& the Physical Laboratory at Leiden. (Communicated by Prof. 
£ H. KAMERLINGH ÖONNBS). 


(Communicated in the meeting of January 27, 1906). 


1. In the following pages I intend to show that the original 


“ 


- equation of vAN DER WaALsS 


RE RE (1) 


where is put 

| a, = a, (1-.)’ + 2a,2(l—2) + a, 8° R 

2 RERIUNEE 
web 25,2(-a)+b,e 


and where also are made the simplified suppositions ') 


1) Comp. Kanerunen Onnes and ZAKRZEWSKI, Suppl. no. 8, Proc, Sept. 24, 


5 b 997 
1904, p. 227. H; 


Proceedings Royal Acad. Amsterdam. Vol. vn. 


(74) 
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represents pretty well the special properties of mixtures. In cases 
where we have no observations of mixtures of two substances, 
the formulae ‘given above will probably enable us to prediet the 
properties of the mixtures of those two substances by means of the 
as and b’s — i.e. the critical elements — of the components; this 
circumstance might be of some use in the choice of substances 
whenever one wishes to observe definite phenomena in mixtures. 
From formulae (1) and (3) we derive the formulae: 


AR T T 
xk en 0%k (1-2) Au 1k 2 
VPık V por VPpır 
T: Eh 7: 
xk Et 0k (ie) “ 1k a 
Pxk Pok PIk 


which express how the critical elements 77, and p,r of the mixture 
taken as homogeneous depend on the composition ; from these formulae 
also follows, as we know, a linear variation of the critical- volume 
vr. That the second of the formulae (4) agrees well with the obser- 
vations has been shown by van DER Waars'). As to the course of 
dk, the curve denoting the variation of that quantity with = not 
only deviates considerably from a straight line ?) (VERSCHAFFELT 
and Kxrsom derive even from their experiments a maximum for 
%,x) but also the quadratic formula cannot be brought to harmonize 
with the observations '). 

Not too much importance should be attached to this deviation ofa 
quantity so closely connected with 5‘); of higher import it seemed 
to me to investigate in how far the formulae (4) accurately represent 
the critical temperatures and pressures, as in connection with the 
law of corresponding states, of which the approximate validity may 
be considered to be established, these quantities entirely determine 
the conduct of a mixture. But also here, of course, we should not 
strain our expectations too high. 


2. First I have computed from formulae (4) the values of the 
quantities: 


!) Proceedings Nov. 1897. 


?) Comp. Kameruinau Onnes and Reinganum. Gomm. no. 595, Proc. Sept. 29, 1900; 
Brınkman, Thesis for- the doctorate, Amsterdam 1904, p. 73. 


3) Ibidem; comp. also Verscuarrerr, Comm. Supp!. NP. 5. 


) For the possible causes of that deviation comp. Brınkman, loc., cit., p: 70, 
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namely for those mixtures for which the « and ß had been already 
derived from the observations by the application of the law of cor- 


responding states. The computed values are given in the following 
table; the values in brackets follow from the observations. 


(6) 


CO, with CH,CI «= 0,363 (0,378) B—= — 0,149 (0,088) 
CH,CI with CO, = 9370. (0,2212 0,068 (0,281) 
CO, with H, —. 0,978 (— 1,219) — 0,439 (— 1,645) 
CO, with O, — 0,513 (— 0,6563) — 0,242 (— 1,0871) 


Of prineipal importance are here the signs of the « and ß, and 
in this respect there is a good agreement, when we except the ß for 
CO, with CH,Cl; I must remark, however, that from the experiments 
of BrınKMAN a negative ß is derived for this mixture !). 


3. With the derived values of « and $ we now, using the formulae 
constructed by Kerrsom and me, might compute the quantities 
(Ze) (Fe ) and others; but as our principal concern is the 

da ), de ), 
signs of those quantities, it is superfluous to perform these com- 
putations. In fact, we immediately obtain a survey of the pro- 
perties of ihe mixtures with a small proportion of one of the 
components when we draw the values of «a and 8 as I have done 
before); this time of course in a diagram, based no longer on the 
empirical equation of state used then, but on equation (1). It is 
still easier, by means of the formulae given in Comm. Suppl. n°. 5 
(Proceedings May 30, 1903) to express the « and $ in Korrswäe’s’) 
x and y, and then to use his diagram which, as is known, is 
based on the original equation of state. Thus we find that the points 
(a, B) — or (#,y) — lie exactly in the fields which correspond to the 
properties of the mixtures; here also, therefore, the investigation has 
a favourable result. | 


4. I shall now communicate some computed values of 77. and par 
for the mixtures under consideration, and compare them with the 
values derived from the observations. (See following table). 


1) Loc. cit., p. 73; comp. also the table on the following page. 
2) Comm. Suppl. no. 6, Proc. 30 May 1903. 
3) Proc. 31 Jan. 1903. 
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CH,CI—CO, (BRINKMAN) 


Computed Observed 

DT | ne Te. |. .,2zk 

=0 (pureCH,01) | 46.2 | 65.93 | 416.16 | 65.93 
+ R 402.1 66.54 398.56 65.73 

4 388.1 67.20 384.26 |! 66.89 

} 360.0 68.74 351.88 69.19 

3 3322 | 70.70 | 324.96 | 71.06 
x=1 (pure C0O,) 304.2 73.10 304.16 | 73.10 


CO,—H, (VERSCHAFFELT) 


z=0 (pure (O,) 304.7 73.6 304.7 73.6 
0.05 289.9 72.0 287.8 68.1 
0. 275.2 | 702 2736 | 85 

0.02 245.7 66.4 248.7 54.8 

x—=1 (pure H,) 38.5 20 38.5 20 


C0,;,—0, (KEESOM) 


x =( (pure CO,) 304.02 72.93 304.02 | 72.93 
0.4 288.6 1a 285.68 ! 67.70 
0.2 273.0 69.24 272.92 67.30 

z=1 (pure 0,) 1542 507 154.2 50.7 


HCI—CsH, (QuixT) 


2=0 (pure HC) 324.3 | 84.13 324.3 84.13 
0.1318 318.6 76.44 315.5 705 
0.4035 310.9 64.59 303.0 65.5 
0.6167 307.2 57.75 299.4 58.6 
0.714 306.2 55.17 298.8 55.7 

x—=1 (pure 0,1, 304.9 18.94 304.9 48.04 


On the whole the computed course of the Tr and Pak agrees 
fairly well with the observations. The only important diserepancy is 
that from the observations of mixtures of HCl and C,H, there follows 
a minimum for the eritical temperature, while the computation would 
not have predieted this eireumstance. This minimum, however, is not 
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very. strongly pronounced; therefore I have investigatel whether 
perhaps the computation had predicted it for mixtures of N,O and 
C,H,, for which the minimum critical temperature is probably much 
lower than that of the components. I really find on the side of ethane, 
the component with the lowest eritieal temperature, «= — 0,019, 
hence a negative value, which renders the existenee of a minimum 
eritical temperature necessary. 


5. After having shown by means of these few instances the 
usefulness of formulae (4) for our purpose, I shall now elosely 
examine the course of the critical lines, in order thence to deduce 
which conditions must be fulfilled by the eritical elements of the 
components, in order that the mixtures may show definite phenomena. 

The shapes of these curves in the p7 diagram have been deduced 
by van DER Waars from formulae (1) and (2)') with the single 
simplifieation 5,, =} (b,, + d,,). What we shall find here will there- 
fore be a special case of the more general forms found by vAN DER 
Waars, namely the transition between the two cases a? , > a4 
and a?,, <q,, A,,, Investigated by him. 


Tzk k 
Ifews put T= — and x —!* and moreover introduce the new 
ok 


Pok 
variable z=YVr, we may in our case write the equation of the 


eritical line: 
zer (Vvm—))- a(ar, rm) +ra, m Va)=I. . . (6) 
In the zr diagram therefore the critical line is a portion of a 
hyperbola (see fig. 1), except when x, =r,, for then it is a portion 
of a parabola (represented in fig. 1 by OAB; a straight line in the 
pT diagram), and when „=1 or Va, =r, for then itisa 
straight line (CD and OE). 
In our drawing (fig. 1) one of the components always lies at the 
point A, and we see that the form of the critical line is only deter- 


T 
mined by the relations = and au Besides, when we move the 
e Tor: Pok 


second component along one of the eritical lines, the shape of that 
line remains unchanged. ’) 

Fig. 1 therefore represents the forms which the eritical line can 
adopt in our case. In order to show that the observed forms agree 
with these in a satisfactory way, I have drawn in the same figure 
1 the eritical lines derived from the observations. The lines for 


ı) Versi. Kon. Akad. Nov. 1897. 
2) As van ver Waaus (loc, cit,) has remarked in general. 
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mixtures of CO, with CH,Cl and of HCl with C,H, are drawn 
twiee in it, one time with the one component, the other time with the 
other component at A. Of the lines for mixtures of carbon dioxide 
with hydrogen or oxygen we could draw only a small portion in 
the neighbourhood of carbon dioxide (point A). 

These critical lines fit into the system of curves in a satisfactory 
way, except the line C0,—0,. Also the beginning of the line 
CO,—H, fits well into the diagram, but its further portion, if it is 
to terminate at the point H,, cannot but deviate strongly from it. 


6. The drawing of fig. 1 enables us also to determine how we 
must choose the pure mixtures in order that the mixtures may 
possess definite properties. Van DER Waars (loc. cit.) has pointed 
out the eircumstance that the course of {he eritical lines (even when 


RE Ay, As) excludes the existence of a maximum critical tempe- 
rature or of a maximum or minimum critical pressure. Yet mixtures 
ocecur which show ') a minimum critical temperature, and in our 


case we find as conditions for its existence °): 
a, +7, >2rTyVn, andalo >2yn. 
The area, within which the second component must lie, if the 
critical temperature is to reach a minimum for one of the mixtures, 
is therefore bounded by the two curves 


2? 


Da ih 


represented in fig. 1 by OAF and GAH respectively. The first 
line is one of the critical lines, naınely that which has a vertical 
tangent at a; the other contains all the points of the eritical lines 
where the tangent is vertical. It may be easily seen that the second 
component must lie between those two curves, i.e. in the fields 2 
and 3. On the strength of this we may prediet that in general a 
minimum critical temperature will be observed when the eritical 


t=2z — z? and r— 


') The elements of the mixture for which the eritical temperature is minimum, 
are here determined by: 


a a, —1l)) (m, — 
<mt = 2 ER TA 1, Tınt Fe) 4 T, 2 E ) ( = 23 Va) , 
a Min 


(r, + Va 27, vr) 

(VRr—r) m —t) 

) The general conditions for the existence of a minimum critical temperature 
are given in tlıe Molecular Theory of van DER Waaus, 


It = va, 
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temperatures of the components differ little and the eritical pressures 
differ relatively much. It is known that experience confirms this 
eonelusion. 


7. Now I shall try to find how the substances must be chosen 
in order that one of the mixtures near the critical cirecumstances may 
show a maximum — or a minimum — vaponr pressure. At the critical 
point (at the same time plaitpoint) of that mixture we then have, 
along the critical line, en = 

Pık ATzk ot k 
As we have based our speculations on the original equation of 


ot 
the value which follows from this equation, i.e. 4. Thus we find') 
that the area within which the second component must lie, is 
bounded by the curves: 


op 
state of van DER WaaALs, we must, strietly taken, use for ©) 
k 


22? F 
EN 


represented by OAJ and KAL respectively in fig. 1. KAL is again 
the eritical line which shows at the point A itself the property 


r—=1(3z — z’)andr—= 


ı da 
* mentioned above, while OA/ combines all the points where Pre 4 
T 


or 7 — 2. The second component must be situated between these 
T 
two: lines, namely in field 3 or 4. 

We may repeat that in order to observe the property under con- 
sideration, the pure substances must be chosen so that the eritical 
temperatures differ little, but the values of the critical pressures 
differ relatively much; however, the component with the higher 
eritical temperature must also have the higher critical pressure’). 


1) The elements of the mixture, of which the vapour pressure is maximum 
or minimum, are given by 


ar, Var, Vm—3 TI, N,—T, vH 


a a 
2 2 (2-8) (Va—t) u use 
x Er. va—)) (a,—t, 2) 
5] 2 ; Erz) 


2) The general conditions for the existence of a maximum or a minimum vapour 
pressure have been derived by van Der Waaıs (Versi. Kon. Ak. 1895/96). 

My quotation of van Laar in the Dutch edition (same note) resulted from a 
misunderstanding. 

3) The latter does not always hold g00d, as for instance wilh mixtures of 
GO, and (yH, (husnen, Zeitschr. f. physik, Chem., 24, 681, 1897). 
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Hence a minimum critical temperature and a maximum vapour 
pressure are two phenomena which as a rule oceur together, but 
not necessarily ; this is only the case in field 3. 

From fig. 1 it appears that, according to our reasoning, only 
a maximum vapour pressure is possible; yet we know that there 
are mixtures which show a minimum vapour pressure, and it has 
been proved by Kurnen!) that this phenomenon oceurs even under 
the eritical eireumstances. Here it seems that there is a fundamental 
deviation from the observation. Nevertheless it is remarkable that 
the mixtures which show a minimum vapour pressure are always 
of such kind that at least one of the components is an anomalous 
substance?); so that there is reason to suppose that with mixtures 
of normal substances a minimum vapour pressure never oceurs; and 
our speculations, which are based on the law of corresponding states, 
are applicable to normal substances only. 


8. Starting from the same suppositions as set forth here, van LAAR°) 
has found an accurate expression for the projection of the plaitpoint 
line on the vx-plane. I have tried to derive from this the equation 
of the plaitpoint line in the »7’— hence also in the ze — diagram °), 
but without success. Without therefore occupying myself further with 
the general form which the plaitpoint line in our case takes in the zr- 
diagram, 1 shall investigate a few points, namely the oceurrence of 
a maximum ‚or a minimum plaitpoint temperature, and that ofa maxi- 
mum or a minimum plaitpoint pressure. 

According to Krxsom’s °) formulae (2a) and (25) we have 


a EN ER 
TE RER! Er mV’ — 4a, Va] 


7 
1 (dpapı ” 


PokN de I, 


-, Mey m 1 —-2ar ÖVam—l)+4r'] 


AT;ypı AT zyı / 
In >0 and we <0is 


Hence follows that the boundary between 


formed by the curve: 

!) Arch. Neerl., (2), 5, 306, 1900 (Livre jubilaire de H. A. Lorentz). 

°) For the bibliography of this ef. Harıman, Thesis for the doctorate, page 84, 
Leiden 1899. 

3) Proceedings April 22, 1905. 

*) By eliminating & and v between the equation of the vw projection ol the 
plaitpoint line, the equation of the spinodal surface (van Laan’s forınula 6, loc. 
eit.), and the equation of state, 

°) Gommuniealion no. 75, Proceedings Dec, 28, 190]. 


DEN 1 
En} 
represented in fig. 2 by the branches BAC and OD; to the left of 
ED,, 
it —_ <0, to the right >0. If in consequence we take A as the 


component with the lower critical temperature, in other words: if 
we put r, >1, there must be a minimum plaitpoint temperature 
when the second component lies in the area AGCABDHA; i 
general this will again oceur when the ceritical temperatures differ 
little, whereas the critical pressures differ much’). This does not 
prove, however, that there may not be other eireumstances for which 
the plaitpoint temperature reaches a minimum. 

If on the other hand we take A as a component with the higher 
eritical temperature, there must be a maximum plaitpoint temperature 
when the second component lies in the area OAXK.’) Neither here 
is it proved that the phenomenon is restricted to that area. 


d d 
9. The boundary between = >0 and n <0 is formed by the 
Ü & Y 
eurve 
ı? (32—1)? — 272? (5. —1) +4" =, 


Apzpl . 
da 


represented in fig. 2 by -EAF; is negative within that line and 


positive beyond it. Whence follows that a minimum plaitpoint pres- 
sure is impossible, at least little probable, while a maximum plait- 
point pressure must occur when the second component lies within 
the area ALEAFT OMA; this will therefore in general be the 
case when the ceritical temperatures differ much, which is confirmed by 
experiment. 


10. Finally, in order to show by means of an example that the 
suppositions whence we started in the main represent preeisely the 


i) Cf. also van Laar, loc. cit., p. 585. 
2) This is again the same condition as for the existence of a minimum critical 


1 (AT zpı " „ Tapı Sr ; 
temperature, but as 7 ce es 16 (ß— 42)?, ur may be positive with 


ok 
negative z, in other words: a minimum plaitpoint temperature requires a minimum 
critical temperature, but not reversely,. This may also be seen from fig. 2, where 
I have once more drawn the line GAH of fig. 1 (dotted line). 
3) An instance of this is probably not lo be found. 
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course of the plaitpoint elements, T shall give here the results of a 
computation which 1 have executed for CO, and H,. 


2=0 (pure CO,) Tzpı = 304,1 ER 72,9 
0,1 295,8 90,8 
0,2 287,4 108,7 
0,3 274,8 124,8 
0,4 260,4 140,0 
0,5 j 244,3 153,9 
0,6 222,1 162,9 
07 194,0 164,5 
0,8 157,0 152,5 
0,9 | 108,8 115,2 

2==.1.{pure’H;) 38,5 20 


The course of the plaitpoint line resulting from this agrees with 
fig. 9, plate I of Harrman’s Thesis for the doctorate; in reality, 
however, the maximum of the plaitpoint pressure will lie much higher. 


Physics. — “Appendix to Communication .N°. 81”. (Proceedings 
June 28 and September 27, 1902) and Supplement N’. 7 
(Proceedings Oct. 31, 1903). By Dr. J. E. VFRSCHAFFELT. 
Supplement N'. 12: to the Communications of the Physical 
Laboratory at Leiden. (Communicated by Prof. H. KAMERLINGH 
ONNES). 


(Communicated in the meeting of January 27, 1906). 


In the expression which I have given before (Comm. N’. 81 and 
also Suppl. N’. 7) for the function w in the neighbourhood of the 
plaitpoint an inaccuracy has remained. I have found that I have 
neglected therein more than a mere linear function of «. 

If we write: 

V 


v=|pd-+ vr, 
® 

where V represents a very large volume, then ıy is the free energy 
in the perfect gaseous state, with the exception of an error which 
will be smaller as V itself becomes larger, and which vanishes 
when we put V=o. 

The first term of w, which depends on v, may be dissolved in the 
following way: 


"IIIA TOA "wepuajswy ‘peay jekoy sdurpas001g 


"1 314 


„syusuoduoo ou} JO Boy} mol} SOINIXITm JO soryıedoıd oyy Sumorperd Jo 


Aypgwsod ayy ug ‘X ‚eogjns-t ‚SIYVVA Yda NVA 30 a3pojmouy 2y4 0% suoyngrıuog, "LIAIIVHOISUNA IL 


u. 


V ” V 
\ Tk 
J pv—=Ipdo+ Ip 
« z m 


v 
The first part I have developed before, and X—= |p @—RT log V 


OP 

(V=») is the x-function which has then been wrongly left out of 
account. This function cannot be developed in the same manner as 
the first integral, because the series used for that is no longer con- 
vergent for large volumes; we must therefore turn to KAMERLINGH 
Onnzs’ empirical equation of state. 

When this equation of state is written in a reduced form, it also 
represents the reduced equation of the isothermal of the mixture «, 


’p 


at the reduced temperature = m that 


ak 
14 
v Bak 
[pe — 2 Ydy 
Zu PT 
Urk 
! 52) | € 1 1 
— RT (log V—logvrr) — 33 Pk V’zk (5 =) 3 Pıkv"k (A =) 
Hence the neglected »-function is: 
C pr 
X=—RTlogom +; NE ra Er 
VTk 2 Ti: 


and this may be developed again: 
X= X, r X, (@ A & Tr) + 0. (@ > ÜTk)” a7 > 


where the co-effieients X, X,, X, etc. are still functions of tempe- 

rature. Fortunately the neglection of that function A has not influenced 

the results in first approximation; however in the formulae 4, 5, 

12 and 13 of suppl. N’. 7 we have to add 2X, to the factor 
Fels 
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Mathematios. — “A particular series of quadratic sunfaces with 
eight common points and eight common tangential planes.” 
By Prof. P. H. ScHoUTF. 


1. “In our space are given a fixed line and four projectively 
related plane peneils of rays. To be found the common transversals 
of the fixed line and a set of four corresponding rays.” 

Notation‘). We indicate the fixed line by /', the vertices and 
planes of the peneils of rays -by 0,0, 0,0, and a,,@,,a,0,, 
four corresponding rays and their two transversals by 2,2, 1,1, 
and 7,7, the pencils of rays themselves by (/,), (2,), (2,), (/,) and the 
pairs of points of intersection. of /,/’ witlı each of the rays /,, /,,2,, 1, by 
(880). Fariher the symbols!, „Lu 208 
may represent the lines of intersecetion of the pairs of planes 
(a,0,), (&, 0), .... (0, @,). 


2. The order of the locus of the pair of transversals /,!’ is easy 
to deduct from its section with a,, which consists of two parts : the 
loeus [(8,,5,)] of the pair of points (S,, S,)) and some generating 
transversals. Each ray /, of the pencil (/,) containing a single pair 
of points (S,,8,), the locus [(S,, 5/))] is an hyperelliptie curve the 
order of which exceeds the number of times a transversal passes 
through O, by two. Now three transversals pass through O,. By pro- 
jeeting the pencils (4), (2,) out of OÖ, on «, we find namely in «a, three 
projectively related peneils (/,), /,), (/,) and now three times three eor- 
responding rays 7,,7,/, pass through one and the same point, the 
conics generated by the pairs [(7,), (/,)] and [(7,), (2,)] having besides 
O, three more points in common. So the locus [(S,, S',)] is a curve 
c,° of order five having in O, a threefold point; its genus is three. 
Now that three transversals pass through O, there must be according 
to the principle of duality also three generating transversals in dr 
And indeed, the peneils (2,), (/,), (/,) do desceribe on the lines RR 
I, three projectively related series of points (A,), (A,), (4,) where 
three times three corresponding points A,, A,, A, lie on the same 
right line a, the conies generated by the pairs [(A,), (A,)] and [(4,), (4,)] 
possessing three more common tangents besides /,,,. So the total seetion 
of «, with the locus of the pair of transversals /, 7 is a system of 
order eight and this locus itself a seroll O* with a nodal eurve of 
order eighteen. The order of the nodal eurve ensues even from the 
fact that the surface 0° must correspond in genus to c,° ; moreover 


') For notation and reasoning see a former communicalion. 
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the eighteen points of intersection of the ceurve with «a, are easy to 
indicate. g 

The obtained surface O° is intersected by the given line /” in eight 
points. So in general there are eight lines resting on /° and on four 
corresponding rays 1, 1, 1,1, 


3. In the preceding we have assumed that four corresponding 
rays /,, 2, l, Z, always admit of two common transversals, not 
taking into account the possibility that four corresponding rays 
have an hyperboloidie position. In the general case this singularity 
does not occeur; for the condition that four lines are situated hyper- 
boloidically is a threefold one and the number of corresponding 
quadruplets of rays is only singly infinite. However, this does not 
prevent a proper selection of the data from leading to projectively related 
peneils with a quadruplet of corresponding rays Iying hyperboloidi- 
cally; to this end we have but to assume the points O,, 0, 0,0, 
on four hyperboloidie lines 7’,,7’,,’,,’, and the planes a,,a,,a,e, 
through these same lines, and to fix the projective correspondence in 
such a way that these four lines correspond. 

If the case of four hyperboloidie rays /’,,7’,,7,,7, really occurs, 
the sceroll O® of the lines intersecting these four rays belongs to the 
locus under consideration ; we have thus further to investigate whether 
this 0° joins the surface 0° of the general case or whether this 
surface breaks up in this special case into the surface 0° and a 
completing surface 0°. At the outset only the first possibility occurred 
to me and I contented myself with developing grounds why this 
elevation of the order of the locus from eight to ten need not really 
elash with the wellkwown principle of the conservation of the number). 

Although at first sight it seems rather absurd that the infinitesimal 
small difference between four nearly and four perfectly hyperboloidie 
rays should rule the locus obtained by means of the remaining 
quadruplets so as to let us find in the first case an O* and in the second 
an 0°, yet as will be proved directly the second of the two sup- 
positions mentioned above is the right one, not the first; so in that 
sense this paper has had to be modified. 

The surface 0? of the common transversals of any hyperboloidie 
quadruplet /,,7’,,7’,,’’, contains these lines and so it must admit 
of a transversal through each of the vertices O,, O,, O,, O, and in 
each of the planes «,, @,,«,,«,. The deduction of the order of the 
loeus 0° has shown that through each of the four points O three 


1) See for this a corresponding case ofapparent contradiction in my “Mehrdimen- 
sionale Geometrie”, vol. I, page 263. 
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transversals pass and likewise there are three in each of the four 
planes e«. Hence the question, whether besides the scroll O0? a surface 
O° or a surface 0° presents itself, can be decided by the fact whether 
the four generators through the points O and the four generators 
in the planes « are common to the two ‘parts of the locus or not. 
Now, as a matter of fact, those two parts can have but two gene- 
rators in common, viz. those two common transversals of ’,, 7,7, 
joining the preceding pairs of transversals and the following of the 
adjacent quadruplets. So the eight indicated transversals of ’,,’,,7’,!, 
are not situated on the other part of the locus and consequently the 
latter is cut by each of the planes «a; according to a curve c* with 
a node in O; and two right lines; so the remaining part is a surface 
0° with a nodal curve of order nine. For the scroll O* of genus 
three appears instead a combination of a regulus O* and a scroll O* 
of genus one cutting each other in two right lines and a twisted 
curve of order ten. 

From the preceding follows immediately what will happen when 
the singularity of the hyperboloidie quadruplet presents itself more 
than once. If two of those particular quadruplets are at hand O*® 
breaks up into three parts, two quadratic reguli and a scroll O* 
with a twisted cubic as nodal curve; so the latter prineipal com- 
ponent part of the locus is of genus zero and has with each of the 
two quadratic surfaces two generating transversals and a twisted 
curve of order six in common. If the projectively related pencils 
contain three hyperboloidie quadruplets O° breaks up into four 
quadratie reguli, three of which answer to these quadruplets whilst 
the fourth, really the locus, is supplied by all the remaining qua- 
druplets; the latter surface is intersected by each of the others 
according to the edges of a skew quadrilateral, whilst these three 
intersect each other in general according to twisted eurves of order 
four. And if there are four hyperboloidie quadruplets, as will 
appear later on, all quadruplets are situated hyperboloidically; then 
the case presents itself where the order of the locus, so far always 
eight, becomes infinite. 


4. The following simple example will show that it is not diffieult 
to choose the data so as to allow each quadruplet of corresponding 
rays to lie hyperboloidically. 

We imagine the four peneils (2), (/,), (Z,), (2) situated in the four 
sides of a cube (fig. 1), we assume the vertices O,, O,, O,, 0, of 
the pencils in the centres of these sides and we allow those rays 
ll, to correspond which form the same angle Y with their 


Fig. 1. 


projections on the plane through the four vertices when one keeps 
in the same direction. To each quadruplet of corresponding rays 
belongs a hyperboloid of revolution with OZ for axis and cirele 
0,0,0,0, as minimal circle (“cercle de gorge”), whilst the hyper- 
boloids of revolution belonging to the various values of 9, touching 
each other according to that cirele, form a tangential pencil as well 
as an ordinary one. Each of those surfaces presents itself twice as 
bearer of two reguli corresponding to two supplementary values 
of y. In this case is a rule what was an exception above; here 
the number to be found is infinite, as two lines satisfying the con- 
ditions pass through each point of/", the two generators of the surface 
of this peculiar peneil passing through this point. Indeed, the case 
of an infinite number of solutions makes its appearance even as 
soon as there is only one hyperboloidie quadruplet and /’ is at the 
same time director ray of the regulus determined by this quadruplet 
as director rays; then through each point of /" passes only one 
line satisfying the question. 

To simplify the representation the preceding particular case has 
been taken on purpose as regularly as possible. The principal thing 
is what the figure retains after a projective transformation, that 
namely the vertices O,, 0,, 0, 0, lie in the same plane, that the 
planes a,,a,,«,,e, pass through the same point and that all quadratic 
surfaces touch those planes in the vertices mentioned above; the 
regular situation of the four vertices on the common minimal 
cirele is of secondary importance. 

This leads us to a new question, viz. whether it is impossible to find 
four projeetively related pencils of rays where each quadruplet of 
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corresponding rays has hyperboloidie position, the vertices not lying 
in the same plane, the bearing planes not passing through tbe same 
same point and those planes not being touched in those vertices by 
all quadratic surfaces herewith generated. Analytically as well as 
geometrically we can convince ourselves in a simple way of the 
reverse. i 

With respect to a rectangular system of coordinates O(XYZ) the 
four pairs of equations. 
y=pa+4gl| —y=patg y=-patg) —y=—PpaTI 
z—=rats|' —z—=nts)' —z = —rat4ts i z = — ra4+s 
represent four lines /,,/,,/,,/, with hyperboloidie position. For the 
conditions under which the surface 

at? et—l 
contains one of those lines are 
a+bpter—=(, ben —=0d, =], 
any of the four lines being taken. Now these lines /,, /,, /,,/, hang 
together in such a way, that by a rotation of 180° 
round the axis OX the lines /, and l, and likewise the lines / and /, pass into each other. 
BE a A 5 
a iz RN ZUR TE, BR ME BL 
If now in a plane a, the line /, describes a pencil of rays with 
O, as vertex, the lines /,, /,,/, will describe the pencils obtained by 
making the, pencit (/) undergo a rotation of 180° round the axes 
OX, OY, OZ, where the four vertices O,, O,, 0,0, will not lie 
in the same plane, and the bearing planes will not pass through the 
same point. And then is also excluded that the planes a,, «,, a,, «, are 
touched in O,, O0, 0, ©, by the generated quadratic surfaces. For two 
quadratie surfaces touching each other in four points not situated in 
one and the same plane coincide and the surfaces under eonsideration 
do not. 

Let us consider geometrically a more special case connected with 
a regular tetrahedron. We siart from a cube and take (fig. 2) one 
of the two groups of four not adjacent vertices A,A,A,4, as vertices 
of this tetrahedron. Then the faces A,A,A,, A, A,A,, A,A,A,, A, 4,4, 
of this tetrahedron are tie bearing planes a,, a,, a,,a,, the centres 
of those equilateral triangles are the vertices O,, O,, 0, 0, of those 
peneils. And the rays /,,/,,/, corresponding to an arbitrary ray Z, 
of the first pencil are found again by a rotation of 180° round 
the lines OX,OY, OZ through the centre of "the cube parallel 
to the edges of the cube, which are at the same time the connecting 
lines ZE', FF', G@ of centres of pairs of opposite edges of the 


Fig. 2 


tetrahedron. From a simple inspection of the figure appears that 
the three points, in which any of the faces of the tetrahedron is eut 
by the corresponding three rays lying in the other faces, are situated 
on the second asymptote of the hyperbola passing through the three 
vertices of that face and having the fourth corresponding ray lying 
in that face as an asymptote. So this ensues inter alia for the face 
A,A,4, from the three relations: 
Be, AD ED Ar, AB, — BA, 

So already four lines rest on /,, /,,/,,2,, namely one in each face, 

which proves that the lines /,, /,,2,,/, have hyperboloidie position. 


6. We leave our original problem for an other moment in order 
to investigate first the series of quadratic surfaces furnished in the 
last special case under consideration by the. quadruplets of corre- 
sponding rays. All these surfaces have eight points in common, the 
four vertices O,, O, O0, ©, of the pencils and the four points Q,, 
O, O0, O, symmetrie to these with respect to the common centre 
O; so they belong to the net N, of the quadratic surfaces deter- 
mined by seven of those eight base-points O;, forming in their turn 
the vertices of a cube. We can likewise point out eight common 

BP) 
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tangential planes, the four planes «4, 4, «,„ «, of the pencils of 
rays and the planes «a,, «,, @,, «, parallel to the former and sym- 
metric to these with respect to 0; so those quadratic surfaces are 
a part of the tangential net N, determined by seven of those eight 
base-planes «;, enclosing together a regular octahedron. So our series 
of surfaces being formed by the surfaces common to N, and N,, can 
be regarded as the intersection of those nets. 

The tetrahedron of which the origin 0 and the points A), Yı, Z 
at infinity of the axes of coordinates are the vertices is common 
polar tetrahedron of all surfaces of the two nets N, and N;. In 
connection with this N, has instead of a single infinite number of 
cones six pairs of planes, a pair through each of the edges of the 
tetrahedron, and N, contains instead of a single infinite number of 
surfaces reduced to conies six pairs of points, a pair on each of the 
edges of the tetrahedron. So we find the most general projective 
trausformation of the series common to N, and N,, by starting from 
an arbitrary tetrahedron, an arbitrary point and an arbitrary plane 
through this point and by then representing to ourselves the surfaces 
having the given tetrahedron as polar tetrahedron, passing through 
the given point and touching the given plane. 

We prepare the deduction of the three characteristie numbers of 
our series of surfaces by determining the locus of the points of contact 
with one of the eight base-planes, say a,. By considering the indicated 
relation 

A,C,=(CA, , AD =DA , 4,B=BA4, 
between the two lines /, and /', (fig. 3), in which «, is cut by the 
quadratic surface belonging to Z,, we find immediately that B,,C,,D, 
on 4,4,, A,4, 4A,4, deseribe projective series of points when /, 
rotates round O, and that /, envelops a conie described in triangle 
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A,4,A,; by determining for each of the pairs of projective series of 
points on each of the bearers tlie point corresponding to the point 
of intersection of the bearers reckoned to belong to the other series it 
becomes evident that this conie touches the sides in the centres, so that 
it is the inseribed eirele ec’. The point of contact being the point of 
intersection Z, of Z, and 7,, the locus of this point is at the same 
time the locus of the point of interseetion of the corresponding rays 
of the pencil (2) of order one and the peneil (7,)? of order two 
formed by the tangents /, of c’, thus a curve c? of order three with 
O, as node and the tangents from O, to c*, i.e. the isotropie lines 
through O, as nodal lines. This curve represented in fig. 4 touches 
the sides of the triangle A,A,A, in the centres and has the points at 


Fig. 4 


'infinity of the sides as infleetional points; the inflectional asymptotes 
run parallel to the sides at distances of four ninths of the height. 
In normal coordinates its equation with respect to triangle A,4,4, is 
Da,’ (a, + 8) — 28° = 9,9,8%, 1 
whilst the Plücker numbers are 
Ni, del an 
med, ed In nbı 
As is known we mean by the three characterizing numbers of a 
simple infinite series of surfaces the numbers u, », e indicating 


'successively how many surfaces of the series pass nn Bi given 
L 
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point, touch any given line, touch any given plane. From the following 
will be evident that in our case these numbers are 3, 6, 3. 

All the surfaces of thenet N, with the eight base-points O:;, passing 
moreover through any ninth point O,, form a pencil with O as 
common centre and OX, OY, OZ as common axes. Each surface 
of that peneil touching one of the eight base-planes «; touches them 
all, so it belongs to the series. A pencil of quadratic surfaces con- 
taining three surfaces touching a given plane, we find u=3. 

All surfaces of the net N, with eight base-planes «;, touching 
moreover an arbitrary ninth plane «,, form a tangential pencil with 
O as common centre and OX, OY, OZ as common axes. Each 
surface of that tangential peneil passing through one of the eight 
base-points O,;, contains all these, so it belongs to the series. Sog = 3, 
as three surfaces of a given tangential pencil pass through a given 
point. 

The number of surfaces of the series touching an arbitrary line 
of the plane A,4,A, is three, because this line cuts the locus of the 
points uf contact (fig. 4) in three points. As the line is assumed in 
a common tangential plane, each of those three cases counts twice; 
so v—=6, as is immediately confirmed analytically. 

So the indicated series of quadratic surfaces is a series (3, 6, 3). 

Indeed, we also obtain a series with eight common points and 
eight common tangential planes possessing the same characteristic 
numbers (3, 6, 3) when starting from a common polar tetrahedron, 
a point and a tangential plane not passing through this point. 


7. We have two more points to consider with respect to our 
original problem. Firstly, we wish to point out how the case in 
which 0° breaks up into four quadratie reguli is easily realised ; 
secondly, we must show that all quadruplets of corresponding rays 
have hyperboloidie position as soon as this is the case with four 
of those quadrupleis. 

When the original part of the locus O® is a regulus O? the pairs 
of transversals of the quadruplets of corresponding rays are the pairs 
of generators of this regulus arrayed in a quadratie involution. If 
such a quadratie involution of pairs of rays is cut by a plane situated 
arbitrarily a quadratic involution of pairs of points is generatedona 
conic; this involution is as one knows characterized by the property, 
that the connecting lines of the points completing each other to a pair 
pass through the same point. To realize the above-mentioned case of 
decomposition of the locus 0° we start from an arbitrary regulus 
O?, whose generators we regard as paired off in involution in a 
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definite way, and from four arbitrary planes @,, @,, @y, @,. If then the 
peneils of rays in those planes Iying -perspectively to the quadratie 
involutions of points of. the sections are taken as the projeetively 
related pencils of rays of the problem, then the surface 0? is evidently 
the integrating part of the corresponding surface ()*, so tbis must 
really also be completed to a surface of order eight by three other 
reguli 9°. To conform this we allow an analytical treatment to 
follow this geometrical consideration. 

We suppose the locus proper O0? to be decomposed into its genera- 
tors by means of the equations 


p+ta4=V0 

r+3Is=0 
and we assume that the generators belonging tt 2=0andti=& 
represent the double rays of the quadratie involution on O°, i.e. that 
in this involution the rays with the same absolute value of A correspond 


to each other. Here p,9g,r,s are general linear forms in &,y, 2, 
according to the formula 


n=wetuy tue +, hW=pg4ns) 
whilst the three planes of coordinates x = 0, y = 0, z = 0 and the plane 
- at infinity will do duty for the planes a,,«,,a,,e@, of the peneils of 
rays to be found. The tracing of these pencils is simplified by repre- 
senting the minors of the determinant 


Pı Ps Pı Pr 

Ya ı 9% I I 
a Re a dr 

| 4 9 5_% 


according to the elements ı ,@, ni ,siby P,@&, Ri, 8. 
If we perform the described calceulation with respect to the plane 
x2—=0, there is occasion to represent the equations 


ty tm term tu I 

(, +3) y+ ln, +I)2+r, +3, =0 
determining together the point belonging to 2 of the conie of the 
section, for shortness’sake by 


(+ =0 | 
(r +39), = 


Then 
(p FAN tal +4) = 0 Me Eee (l) 
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is an arbitrary line through point 3 and 

Pt tu, 428) mtr tal ts) ı Pt tal 5.) 
P.—19, Pr—2g; ae 7? mt 
ya—is, ; 1, —1s, ; ny—AS, | 

is the condition expressing that this line (1) through point A contains 

at the same time the point — A and is thus the ray of the pencil 


7 2 7 ” 3 v 2?’ 
looked for, corresponding to the parametervalue 2. If for shortness 
sake we write here 


tig tu +4) | 
| pi — Ag &n 


vn — As 
direct ealeulation affords 
| pi +r%q n4+Rs | 
pi — ra — u rs | =b, 
| n — As pi — Adi 
or 
Da I a 
Gi U $; | N 
| ni — AS | p—iq | 
or 
Pi | Pi | r, Tr; 
M IE —- u |: | + is Ko 
vi si | pi a | 
1. e. 
BT 
i= -—— ——; 
Q+aP, 


so the equation of the ray under consideration is 


(Qı ih AP)p-+Rd, Pr (8, rt AR)(er+ 28), = 0, 
which is redueible to 
WMr+Sn + (Pga+Rıd)—=0, 
as the coefficient of the first power of A identically vanishes. 

If now, for u=p,g,r,s, we understand by %z, Uy, Ur, u, the forms 
into which w@-+u,y-+u,2-+u, passes by omitting successively the 
term with @, the term with y, the term with 2 or the constant term 
and if & is substituted for A? the four projectively related peneils are 
vepresented in their planes by the equations 
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a ey 
II... re +S9ırz + k(P,g: + Rs) = 0 


rare er 
For which values of % have these four rays hyperboloidie position ? 
To this end it is necessary and suffieient that the points at infinity of 
I, II, III lie on a right line. So for k& we find the eubie equation : 


0 » QpatSırstk(Pı g+Rı 3), — pt Sirs+k(Pıget Rs] 
—[®pstSerstk(Pags+Rass)], 0 , Rpı + Sntk(P;ı+ Rası)| 0 
QspatSsrtk(Psgs+ Ras), — Qt Stk Prn+Rası)), 0 


So in reality three reguli have separated from the surface 0°. 


8. Finally we have still to indieate that all quadruplets of corre- 
sponding rays lie hyperboloidically if four quadraplets do. This proof 
we join on to the most general case of four arbitrary planes «,, @,, 
@,,a, and four arbitrary points O0, 0,, 0, 0, in them. If A,4,A, 
is the face «, no longer equilateral, then the projective pencils (/,), (2,), 
(/,) describe on the sides A,A,, A,A, 4,4, the projective series of 
points (C,),(D,), (B,) possessing for %— 4 four triplets of points on 
the same right line. In that case the conies enveloped by the eonnect- 
ing lines (,D, and D,B, have five common tangents, i.e. A,A, and 
the four lines bearing corresponding triplets of points; then those 
conies coineide. So the supposition of four such triplets leads to the 
case that there is an, infinite number of such triplets. But then in 
each of the four planes «,, a,,«,, a, lies a common transversal of 
each corresponding quadruplet, etc. 

We now conclude by showing that in order to determine four 
projectively related pencils of rays with merely Iıyperboloidie qua- 
druplets the four planes «,,«,,«,,a, and the four vertices O,, (,, 
0, 0; in them can be taken arbitrarily by showing that to aray /. 
drawn arbitrarily in a, through 0, only a single triplet of rays 
1,1, of the remaining peneils corresponds, forming with /, four 
lines with hyperboloidie position erossing each other. 

If u,»,o represent successively the conditions that a quadratic 
surface contains a point, touches a line and touches a plane, then 


2 v2? — 30° (u +0) + 7? + 2up +39) — Au’ + 0°) 


indicates according to Hurwırz the number of surfaces through an 
arbitrary line, which satisfy the sixfold condition V, (Math. Ann. 
vol, 10, page 354). So the nımnber of quadratie surfaces through /, 
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containing the points O,, O,, 0, and touching the planes «,, a,, a, 
is represented by 


e\ 
nor ao! = rt (la Fo) Hr (Bu 2 ("+ o’)}, 
which in connection with the law of duality can be deduced to 
Zug: fo? — 3m? + 3u’v + uvg — 2u?}. 


Out ofthe wellknown results (H. SCHUBERT, “Kalkül der abzählenden 
Geometrie”, Leipzig, Teubner, 1879) 

u’v’o? — 104, u‘v?o? — 68, u'vo* = 42, u’vo? —= 34, u’o? = 17 
we find that there are five quadratic surfaces satisfying the given 
conditions. 

However it is now easy to see, that only one of those five 
solutions furnishes four hyperboloidie lines /,,/,,/,,!, erossing each 
other. We find namely four solutions not to be used for our purpose 
(fig. 5) if we determine /,, /,,/, in such a way so as to cut the given 


(267 ) 


line /,, or when having taken one of these three lines in that manner 
we choose the other two” in such a way that they both eut this 
new line. So there is’only one solution, in which the four lines 
I, 0,1, 1, eross each other. 

From the above consideration which can easily be confirmed 
analytically ensues that the supposition of four planes «a; given arbi- 
trarily and of four vertices ÖO; given arbitrarily dominates the case 
of four projeetive pencils of rays with merely hyperboloidie qua- 
druplets to such an extent that the projective correspondence is fixed 
by the condition of the hyperboloidie position. This now again includes 
that the case of the three quadruplets with hyperboloidie position, 
treated above in details, cannot present itself if the planes «; and 
the points ©; have been taken arbitrarily. For these three quadruplets 
must also put in an appearance if we wish all quadruplets to have 
hyperboloidie position, and they determine the projective relation 
uneguivocally, i.e. three hyperboloidie quadruplets lead here to pure 
hyperboloidie quadruplets. 

Not to get too redundant, we put aside the examination of the 
less remarkable series of quadratie surfaces, answering to this most 
general case of four pencils of rays with merely hyperboloidie 
quadruplets. 


Astronomy. — “On the orbital planes of Jupiter’s satellites”. By 
Dr. W. oe Sırmar. (Communicated by Prof. J. C. Kaprayn). 


The following pages contain a condensed summary of the results 
of an investigation, which will soon be published in detail in the 
“Annals of the Royal Observatory at the Cape of Good Hope”. 
The material on which this investigation is based consists entirely 
of observations made at the Cape Observatory, viz.: 

1. Heliometer-observations made in 1891 by GunL and Fınuay, 
discussed by me and published in my inaugural dissertation. ') 

2. Photographie plates taken at the Cape Observatory in 1891, 
measured and discussed by me. 

3,  Heliometer-observations made in 1901 and 1902 by. Cookson, 
discussed by himself and published in Monthly Notices, June 


1904 p. 728— 747. 
4. Photographie plates taken in 1903 and 1904, measured and 


discussed by me. 


1) Discussion of Heliometer-Observations of Jupiter’s Satellites, Groningen J. B. 
Worrers 1901, 
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My aim with this investigation was exelusively the determination 
of the inelinations and nodes of the orbital planes of the satellites 
and of the motions of these nodes. The plates of 1903 and 1904 
were taken in order to provide a second epoch from which these 
motions could be determined by a comparison with the observations 
of 1891. 

The fine series of observations, made by Mr. Bryan Coorson in 
1901 and 1902 increases the weight of this determination considerably. 

I have already pointed out, in the fourth chapter of my disserta- 
tion, that the determination of the other elements, which must be 
derived from the observed (jovicentrie) longitudes, is probably sufli- 
ciently provided for by the observations of eclipses. Moreover from 
the observations mentioned above sub 1. and 3. all elements were 
determined. 

Eclipse-observations are however not well adapted for the deter- 
mination of the inelinations and nodes, which must be derived 
from the observed latitudes, as I have shown, l.c. page 77. The 
prineipal interest of the determination of the orbital planes lies in 
the comparison with the observations of the large motions of the 
nodes, which are demanded by the theory. Since these motions are 
produced almost exclusively by the large polar compression of the 
planet, the natural fundamental plane to which the latitudes must 
be referred is the equator of Jupiter. 

If we refer the positions of the satellites to a system of co-ordinate 
axes, of which the axis of y is the projection on the sphere of a 
line perpendieular to this fundamental plane (i. e. of Jupiter’s axis 
of rotation), and the axis of x is the great eircle through the centre 
of the planet perpendieular to the axis of y, then for the determina- 
tion of the inclinations and nodes .the y co-ordinates of the satellites 
are alone important. Only» these co-ordinates have therefore been 
measured. The plate was, by means of the position-eirele with which 
the Repsold measuring machine of the Astronomical Laboratory at 
Groningen is provided, brought approximately in the position-angle 
P+%°, where P is the position-angle of Jupiter’s adopted axis 
of rotation. The plate then has a motion parallel to a straight line, 
which nearly coineides with the axis of z, and which is defined by 
the axis of the eylinder which guides the plate-holder in its motion. 
The co-ordinates perpendieular to this straight line were then measured 
by the mierometer screw. Tliese differ from the co-ordinates y only 
by small corrections (refraction, orientation and scale-value). In this 
method the measured quantities never exceed a few revolutions of 
the serew. All errors of reseau-lines, division errors of the sealen, 
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error of projection, ete. are avoided. The straightness of the eylinder 
was repeatediy tested by “comparison with a stretched spiderline. 
Its errors are certainly smaller: tan 0.2 mieron. The position-angles 
were read off by two microscopes, and the orientation of the plate 
was determined from a pair of standard stars, wbich were for this 
purpose photographed on each plate, and from trails of the satellites. 
The errors of observation of the measures of the satellites are satis- 
factory, distortion of the photographie film cannot be detected, and 
the diseussion of a dozen plates, which were specially taken for this 
purpose, shows that the determination of the orientation from the 
trails is always practically free from systematie errors, while the 
same can be said of the determination from the standard stars under 
certain conditions, which are however not always fulülled. The 
accidental errors of both determinations are very small. 

The image of the planet has not been measured. The observed 
co-ordinates contain therefore an unknown additive constant (different 
for each separate plate), which was eliminated by using in the 
subsequent reductions the co-ordinates referred to the mean of all 
the satellites oceurring on the plate as origin. The equations of con- 
dition and normal equations for these relative co-ordinates are very 
simple and symmetrical. The limited space at my disposal prevents 
me however from entering into more details regarding the measures 
and reductions. I will at once state tlıe results. 

The unknowns which were determined from each opposition were 
the corrections to the adopted values of the elements » and q of 
the four satellites which are defined by the formulas: 

p=isin(— S$) 

=1.c08 (— Sb) 
where 2 and N, are the inclination and ascending node of the orbital 
plane of the satellite referred to the fundamental plane. The longitude 
of the node is counted from the ascending node of the plane of 
Jupiter’s orbit on the fundamental plane. The quantities referring to 
the four satellites are distinguished by the suffixed numerals 1 to4. 

The following table contains the results of the different series of 
observations with their probable errors. 

The values for 1891 (Heliometer) are tbose derived in my disser- 
tation with a few unsignificant corrections in the last decimal places. 
The results from the heliometer and those from the plates have been 
combined with the relative weights 2 and 1. 

The results for 1901 and 1902 are quoted from the communication 
by Mr. Cooxsox in the Monthly Notices. 

I have however been compelled io rejeet Ap, and Ag, for 1901 
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and 1902. Cookson found from the reduction of his observations 

that 


the residuals could be much reduced by assuming in the latitude 
of satellite IV an inequality of which the period is one half of the 
periodie time of the satellite while the coefficient is about 50”. I 
have searched for this inequality in the observations of 1891, 1903 
and 1904 and I can confidently declare that in none of these years 
there is even the slightest trace of any inequality of which the argu- 
ment should be a multiple of the mean longitude of Sat. IV. Since 
also an inequality of this nature cannot be explained by the theory 
I cannot but doubt its reality, and since the cause which has produced 
this apparent inequality must necessarily also have affected the 
determination of p, and q,, the safest course seemed to be to reject 
the values of these elements found from the ohservations of 1901 


270) 


‚and 1902. All other corrections Ap and Ag derived from the obser- 
vations are included in the following discussion, with weights in- 
versely proportional to. the squares of their probable errors and 
corresponding to a p.e. of weight unity of # 0.°0050. 

Before this discussion can be related the theoretical expressions 
for p and q must be developed. 

At the time when the analytical theory of the satellites was created 
by Lacranee and Larracz, the eclipses were practically the only 
phenomena of the satellites which were observed. For tlıese the 
natural fundamental plane is the plane containing the axis of the 
shadow-cone, i.e. the plane of Jupiter’s orbit. This was accordingly 
used by them. SOVILLART, in his theory published in 1880, followed 
their example. 

The first thing which must be done before the theory can be 
compared with modern observations is thus to reduce the expressions 
for the latitudes referred to Jupiter’s orbit to latitudes referred to the 
equator. This has already been done by Marta, who in 1891 
published tables for the computation of the co-ordinates of the satel- 
lites, based on SovitLLarr’s theory (Monthly Notices, June 1891, pages 
505—539). 

Let Z7 and N be the inclination and node') of the orbital plane 
of one of the satellites with reference to the orbit of Jupiter. 
SOUILLART’S theory then gives 


4 
I; sinN; = 2 b;snd; +w wsın6, 
el 


l) 

4 ( 

I; osN; = 2 b;sin6; + w wsin 6, 
Pl 


In these formulae and @, are the inclination and node of Jupiter s 
equator on its orbit. All longitudes are counted from the first point 
of Aries. The. quantities dj; are constants, and the angles 6; vary 
proportionally with the time. Of the constants d,; four only are 
mutually independent. If we put: 

bi =Yi b;=06jYj, 
then the y; are constants. The multipliers o,; and w and the coeffi- 
cients of the time in the expressions for @; are given by the theory 
as functions of the masses, the compression of Jupiter and the mean 
motions. The constants 0;; are small numbers (the largest is 0,3 = 0.1944) 
with the exception, of course, of those in the diagonal, 0; = 1. The 
value of u; differs little from unity. The angles y; and 9; are what 
Larrack calls the “inclinaisons et noeuds propres” of the satellites. 


}) With node I mean ascending node, unless otherwise staled. 
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Let now w, and ı, be the inelination and the longitude (counted 
from the first point of Aries) of the descending node of the plane 
which I wish to adopt as the fundamental plane, referred to the 
plane of Jupiter’s orbit. Longitudes in the fundumental plane are 
counted from the node w, as zero. 

Then if i and 9 are the incelination and node of the orbit of one 
of the satellites referred to the fundamental plane, we have, neglecting 
cwuantities of the third-order in i, Z and w,: 

isind = Isin(N—W,) 
icos Sp = Zcos (N—y,) + w, 
If further we introduce the notations 


T=w—6i ; vy—=y, — 6, + 180° 
2; Yisin T; 2, = wsin y wu 
yizYicos T; Yy,=zwosWw —w, 


then the expressions for p and g become: 


4 \ 
PiZ= wu Li Mi, 
5 u C)) 
= Say +1-e)o, u. | 
MARTH has adopien. 
o,= the value of w j S ER 
REDE vier „9, + 180° from SOVILLART’s theory, !) 


and has computed the values of p and g by the formulae (3), taking 
Berl: 

The unknowns y;, Ti, x, and y, must be determined from the 
equations (3). This is, of course, only possible if the coefficients 
0; and (w; are known. I have adopted these coeffieients from 
SOUILLART’S theory, as being the best available. They are very com- 
plieated functions of the masses, the compression of Jupiter, and the 
mean motions. As a rough approximation, we can say that the 
coefficients 0;; are proportional to the mass m;. Since the masses are 
very imperfectly known, the same thing is true of the coeffieients of 
the equations (3). Therefore the results of the present discussion cannot 
be considered as final, but the discussion will have to be repeated 
when better values of the coefficients are available. The results here 

derived will however doubtlessiy represent a very fair approximation. 
It may perhaps be mentioned that the uncertainty of these coeffi- 


!) Marrn has made one or two mistakes here, which will be duly mentioned 


in the detailed publication, but as they have no influence on the result they can 
be ignored at present. 
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cients is not due to our ignorance with respect to the masses alone. 
The values of these coeffieients derived by SovinLart from the same 
masses and elements by two different methods of integration show 
differences of such amount, that the consequent differences in the 
eomputed values of and q are of the order of the errors of 
observation. It is hardly to be expected that this defeet in the theory 
will be remedied before the equator is introduced instead of the 
orbit as the fundamental plane of the theory. The coeffieients adopted 
by Martn and myself are those derived from the second method 
of integration, which is also preferred by SovinLarr himself. 

In the following discussions these coefficients are treated as absolute 
constants. If we denote the corrections to the adopted values of 
2; and y: by da; and dy;, then the unknowns 

ai Yi u 
must be determined from the equations 


2 ,da; -—wo,=Api (4) 


The term (1 — u:)w, in the second equation (3) must, of course, 
be treated as rigorousiy known. 
The solution of the equations (4) is conducted in the following 
manner. I define the quantities A«; and Ay; by the equations 
Eo, Aa; = Am 
Re | (6) 
SyAy=hAg 
These equations are solved once and for all,-and the solution is: 
Dir 205.8 p; (6) 


Ayminog)lNg; 


Further, if we put: 
w=3oyn; 
then the equations of condition become: 


ET, | 7) 
di —my—ayı 


Next, if we denote the originally adopted values of «; and y; by 
2, and y;, so that w=a., + da;, yi=yi,t Syi, then the equations 
become: 

ı— wa, =®, + a (8) 
y—ay,=yYt Ay 

In these equations x; and y; are defined by the equations (2), where 


Be ; 
the y; are constants, and = TN,+ = (—t,). The unknowns, which 
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must be determined from the solution of the equations (8) are 
ar; 
dt 


I, Yon Yo 147 and 


ar; 
The values of er for the fonr satellites are however not mutually 


independent. The theory gives these differential coefficients as functions 
of the masses of the satellites and the compression of Jupiter. The 
masses need not be ‘considered here. I have tried to determine a 
correetion to m,, but this determination had too small a weight to 
have any real value. The influence of the otlıer masses is even 
smaller. 

The compression enters into the formulas through the factor ./0?, 
where .J is the well known constant, which is approximately equal 
to o0—/,p (oe = ellipticity of the free surface, 9 — ratio of centri- 
fugal force to gravity at the equator of Jupiter) and 5 is the equatorial 
radius ') of the planet. 

If we introduce as unknown: 

__.dJd° 
ar 
then the true values of the coefficients of ? are 


dNn aT;\ 
ua. N 


The coefficients a; depend practically alone on the mean motions, 


dT; 
and must be treated as absolute constants. They differ little from —- 


itself, and consequently the ratios of the motions of the nodes must 
be considered as approximately constant. The adopted values accor- 
ding to SouILLarT’s theory are (daily motions): 


dr 
5 — 0°.14109 AT, \ _ 00.007019 
de); dt ), 


dT 
( ) — 0°.033010 a — 0°.001898 
dt ), dt ), 


The 36 equations (8) thus contain the 11 unknowns 
1. m 9% % 

These equations must be solved by successive approximations. The 
conditions for the application of the method of least squares are far 
from being fulfilled. 

These approximations have been conducted in the following manner. 


) In the original Dutch b was erroneously stated to be the diameter, instead 
of the radius. 
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Let :z,, Y.. be approximate values of «, and y,thus ©, = eo + de 
ü 0 
and y, =Yy.-+ dy. We have then: 


N Mn \ 
v—w da, =, +Awuit+ we, 


a ) 
y—ı M,=ys + Ay-+a'y, 
If we suppose that the approximation 2, Y., iS already so good 
that de, and dy, can be negleeted, then these equations become: 


Yin D=a,+Au +w'e, 
Ä (10) 
yo =yu + Ayı + Yu 
Next I compute the quantities g; and @; from the equations: 
gisin = ©, As +w Von (11 
se } \ 
go @—y+AytWy 
The other unknowns are then determined from the equations: 
BE 
DT; Erz — (—t,) —- @; (12) 
dt 
ar; 


If these equations give constant values for y: and values of 


’ 


which can by an acceptable value of x be made consistent with 

the theory, then the appromation is sufficient, if not, then a new 

approximation must be made. Asa first approximation I have assumed: 
Do — Yoo z— 0. 


The equations (12) were then formed and solved. In this solution 
dT; 
I have determined the values of Bra for the four satellites separately 


without introdueing the theoretical ratios ab initio. The equations (12) 
then consist of two sets for each satellite and each of these 8 sets 
is independent of all others. The residuals which remain after the 
substitution of the resulting values of the unknowns will be given 
below together with those from the other solutions. The probable 
error of unit weight was =#.0°.0086. 

The motions of the nodes in this solution are (Sol. I): 


dr. 

dT, _ 00.91213 22 _ 00.00587 
dt di 
dr 

IT, _ 90.930266 @74 _ 00,00189. 
de de 


If these are compared with the theoretical values, it appears at 
once that their ratios are very different. The node of satellite 1, 
which according to the theory has a yearly motion of about 50°, in 
this solution shows a motion of about 5°. The ratios of the three 
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other motions also differ considerably from their theoretical values. 
Moreover the inelinations are far from constant, as will be seen at 
once from an inspection of the residuals Ay. 


AT, 5 
It must be mentioned that the value of Fe agrees approximately 


with the value derived by Coorsox from the observations of 1891, 
1901 and 1902. This could have been expected since CooksoN in 
this determination also negleeted the corrections to the position of 


dT' 
the equator. The difference between Cookson’s value of Er and the“ 


value of Sol. I is not due to a bad agreement of the observations of 
1903 and 1904 with those of 1901 and 1902 (which on the contrary 
agree extremely well), but to the fact that in Sol. I the corrections 
to the elements of the other satellites were eliminated by means of 
the transformation from Ap and Ag to Az and Ay, while CooksoN 
did not eliminate these corrections but neglected them. 

I have now made a number of further solutions, in which I started 
with approximate values ©,, and %,., and introduced the unknowns 
Yi ir de, dy, %, 
thus rigorously subjecting the motions of the nodes to the theoretical 
condition. The unknowns dy, and x are badly separated. The 
weight of the determination of x is considerably diminished by the 
introduetion as unknowns of the corrections to the position of the 
equator. That this must of necessity be so, is easily seen. If we had 
observations of only one satellite at two epochs, it would be impossible 
to determine both the motion of the node and the equator. We 
would in that case have only four data (the values of » and y at 
each of the epochs) for the determination of the five unknowns 


Y DT Tr) and %. Now *% is practically determined from satellite 


II alone. The motions of the nodes of III and IV are too slow, 
and the inclination of I is too small, to allow a determination of 
the motions of the nodes of these satellites to be made, the accuracy 
of which would be even remotely comparable to that of sat. I. 
The motions of the nodes of I, III and IV are derived theoretically 
from that of II. If therefore the latter is known, each of the three 
others provides a determination of the equator. Then the determina- 
tion of x from II must be repeated with this new position of the 
equator, and so on until a satisfactory agreement is reached. ') 

') Cooxson has in his discussion of the observations of 1891, 1901 and 1902, 


used this method, but he rested content with the first approximation. His corrections 


to the eiuator derived from satellites III and IV are in the same direction as the 
values found by me, | 
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- The solution was not actually made in this way, but all equa- 
tions were treated simultaneously. This consideration is only given 
here to point out that the position of the equator is ultimately 
etermined by the condition that it shall be the same for the four 
satellites, i.e. that the inclinations shall be constant, and the motions 
of the nodes shall be consistent with the theoretical ratios. Since a 
small displacement of the equator has a large influence on the 
motions of the nodes, in consequence of the small inclinations, it 
can be expected that the unknown x and the quantities which 
etermine the position of the equator will mutually diminish each 
others weights. (That this decrease of weight is actually much more 
marked in the case of y, than for x,, is accidental and depends on 
the choice of tbe zero of longitudes). 

By these considerations I have been led to try whether the value 
of x could not be determined from a comparison with other obser- 
vations. I have used the values of 6, for 1750 given by DELAMBRE. 
A value of x was adopted, such that the value of 6, carried back 
to 1750 from the modern observations would be nearly equal to 
ihe value given by Deramsre. The unknowns x,, y,, dyi and dT}, 
were then determined from the modern observations alone. 

This gives solution VII. In solution VI on the other hand all 
unknowns (inclusive of x) were determined from the modern obser- 
vations. I give below the results from these two solutions, which I 
‚consider as the best that can be derived with our present knowledge 
of the masses. I do not venture to choose between the two solutions. 
Probably an eventual correction of the coefficients o,; will tend to 
reconcile the two solutions. 

Instead of T; I give at once ; =, — Tı. The values are given 
for 1900 Jan. 0 Greenwich Mean Noon. 


Solution VI Solution VIT _Adopted, values. 
a, — 9.0172 # '.0023 —0°.0177 #£ .’0022 0 
y, + 0.0427 + .0043 +0 ..0489 & . 0022 0 
x* — 0.0321 & .0094 — 0.0126 0 
y, 0°.0259 & °.0032 0°.0248 + .0038 0°.0013 
Na .4696 £ 27 .4676 24 4694 
Y, „1926 E 40 .1874 + 26 .1789 
y, 2540 £ 34 2504 25 „2254 
6, 5404 + 8°.5 :54°.0 + 88 99°.8 
0, 293 .42 & 0 .35 293 .10 £ 0.29 273 .32 
0, 319 .68 & 0 .77 819467.2:0.80 330 .59 
(7) 14 .40 #0 .91 15 .56 & 0,57 34179 
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..d6 
From the values of x we find the following values of er 


d6, 


a 0°.13664 —. 0°.13932 — 0°.14105 

t 

d6 

SF — 0 .032105 — 0 .032633 — 0.032974 
t 

a6, 

ae 0.006814 — 0. 006916 — 0.006983 

d6, 

Sue 0 .001839 — 0.001854 — 0.001863 


From the values ot «, and y, we find for the inclination and node 
of the equator on Leverrier’s orbit Of Jupiter of 1900:0: 

{9} 3°.1107 #& °-0043 3°.1169 & °.0022 3°.0680 
0 315.727 & 042 315.785 = „041 315.410 

With the exception of x all unknowns in the two solutions agree 
within the sum of their probable errors, and with only one excep- 
tion (y,) all the. correcetions to the adopted values are many times 
larger than their probable errors. 

The residuals of the two solutions VI and VII are given in the 
following table together with those of Sol. I. The probable errors, 
which have been added for comparison are somewhat larger than 
those of the observed Ap and Ag, because by the transformation 
from Ap and Ag to Ax and Ay, the p.e. must be somewhat 
increased, even if we consider the coefficients o, as absolutely exact. 

The p.e. of weight unity, which was + 0°.0086 for Sol. I, is 
= 0°.0065 for Sol. VI and # 0°.0064 for Sol. VII. But it is chiefly 
in their consistencey with the theoretical conditions, that both solutions 
are incomparably better than Sol. I. The inclinations are now constant 
within the probable errors. The residuals of the nodes only show a 
systematic tendeney for Satellite I (in Sol. VII, where the motions 
of the nodes were not derived from the observations, also for Sat. ID. 
Still the agreement with the theoretical motions is much improved. 


„ar, ; E x h 
The value of Es derived from Sol. VI irrespective of the theoretieal 


conditions would be 0°.1250, while the value corresponding to the 
value of x in this solution is 0°.1366. This is a great improvement 
compared with Sol. I (0°.0121). 

The results for Sat. III in 1901 and 1902, which in all solutions 
gave large residuals, have in the solutions VI and VII been rejected. 
This rejeetion has no appreciable influence on the values of the 
unknowns, nor on the other residuals, but it reduces the p- ©... 08 
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Sat. I. 


Sat. II. 


Sat. III. 


Sat. IV. 


1891 
1901 


1891 
1901 
02 
03 
04 


+.0045 
+ 8 
+ 3 
+ 
+ 8 
+.0030 
+ 60 
+ 5» 
+ 0 
+ -50 
+.00%0 
+ m 
+ 90 
+ 3% 
9 
+.0010 
+ 92 
1209 
+ 5 
+ 90 


Sol«-I 


| Sol. VI 


Ay sinyar | Ay sinyar 
a 


—.0068 —.0003 | +.0005 -+:0123 
+ 137. 2}- 2240 
a a ne 97 
mer eg 5 
a en 2 er a) 
+.0138 4.0002 | +.0017 —.0008 
Be er 7. 
Baer. 50 
are 
40 Bea 54 
+.0048 -+.0007 | — 0014 —.0029 
a lt aeife- 39] 
AR — 1 BA. 73) 
I AN 58 
BE ee ee 
—.0010 -+.0001 | +.0013 —.0028 
[— 51] A88]|[— 101] 205] 
[— 86][- 185] |[- 83][— 166] 
rer Kar. 
BET oe 0 


Sol. VIH 


AY sinyArF 


+.0047 -+.0093 
+ 9 
sein 


Pas 
en) 
ad, 
= 543%.0.4082 
—.0013 —.0037 
(— A181][— 24] 
[— 455] [- 671 
+ 10.7.8 
+ 13-92 


+.0017 — .0031 
[— 4107 [+ 200] 


(- 8][l- 171] 
en? 
Bögen nl 


weight unity from = 0°.0072 and # 0°.0073 to + 0°.0065 and 
= 0°.0064 for the solutions VI and VII respectively. 
The values of 6; carried back to 1750 are: 


0 
0 
0 


4 


Sol. I 
151°.8 
282 .9 
110 .3 


Sol. VI Sol. VII Damoiseau Delambre 
252°.4 281°.0 282°.0 283°.3 
333 .0 338 .6 383.9 2392..8 
114,2 14741 98.3 105 0 
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In conclusion I must express my deep sense of gratitude towards” 
Sir Davip Gisz, who liberally placed the observations of the Cape 
Observatory at my disposal, and was always ready to meet all my 
wishes. 


(April 24, 1906). 


